The following two theorems provide a priori error estimates for the implicit-in-time scheme. 
Proof. The proof is very similar to Theorem 5.1; hence, we comment only on the key di erences. The error and satisfy (57),(58),(61) and 
Averaging (70) at time level n + 1 and n and using (58), we have :
by (65) and (66), we have that
The a priori bound (53) follows from (80) by using the approximation properties of the projections and the estimates (78),(82) and (79). The bound (55) follows from (53) and the triangle inequality. 
for the resulting time truncation terms.
6. Implicit Method. The implicit-in-time mixed nite element method approximation to (24){ (28) is given by a sequence of pairs fU n ; Z n g 2 Wh Vh, 0 n N satisfying (U 0 ; w) = (u0; w); w 2 Wh; (72) and using (57), (58), (71) and (72) 
kr n k C t 
Analogous to the techniques used in the previous section, we consider the \discrete integral" of de ned by 0 = t 
Using (59), we see that (@t n+ 1 2 ; w) + (r n ; w) = (R n ; w); n 0; The method is explicit in time in the sense that the calculation of fU n ; Z n g, 0 n N involves only the inversion of mass-type matrices associated with the spaces Vh and Wh. In particular, U 0 , Z 0 , and U 1 are determined sequentially by solving (48), (49) and (50), respectively. The explicit calculations proceeds by alternately solving (51) for U n+1 having already calculated U n , U n?1 and Z n and solving (52) for Z n+1 having calculated Z n , U n+1 and U n .
As expected for such an explicit scheme, this method is only conditionally stable. A su cient condition for stability for the Dirichlet problem is derived in Theorem 5.1 of 4]. The condition, t < 2h=C4, arises naturally in the proof of the following theorem, and so we do not repeat the stability argument here. 
Proof. Let n = U n ? Phu n ; n = Z n ? hz n ; n = (z ? hz) n : 
Adding (39) and (40) 
Hence,
Using the approximation properties of the h-projection, we have proven the rst part of the following theorem. The estimates for (Z ? hz) and (Ut ? Phu t ) are derived via similar arguments by using the test functions w = t and v = in (37) and (38). (45) By an application of the triangle inequality and an appeal to the approximation properties (14)- (15) of the projections, the following estimates are easily deduced from (44) and (45). 
4. Weak formulation and Continuous-Time Estimates. In this section we choose a weak form of (1){(4) conducive to approximation by mixed nite elements. We then introduce the continuoustime mixed nite element approximation of this weak form and derive a priori estimates of its error.
In particular, we reduce the question of the convergence of the transient problem to the approximation properties of the projections introduced in the previous section using a non-standard energy argument similar to that used by Baker 2] . We now consider a weak formulation of (1){(4). We write the di erential equation (1) 
We now show that the mixed nite element approximation fU(t);Z(t)g is close to the projection of fu(t);z(t)g introduced in Section 3. Let = U ? Phu; = Z ? hz; = z ? hz:
Subtracting (24){(28) from (29){(33) and using properties (12) and (13) Except where explicitly stated otherwise, these assumptions are precisely the conditions we use to derive our results. We note, however, that the h 1=2 factor in (16) may be replaced by a full power of h at the expense of a possibly larger C3 for a more regular and that (15) is not always needed.
In the subsequent sections, we refer to spaces that satisfy the above assumptions as \R-T-N spaces". The description of the properties of the function spaces follows the exposition given by Arnold, Douglas and Roberts 5]; in their work, they extend (12){(15) to hold for Raviart-Thomas elements with one curved edge in IR 2 and remarked on the extension to IR 3 . The conditions (16){ (18) are not standard, but are easily checked in the case of the Raviart-Thomas-Nedelec elements as extended. In this case, 0 h may be taken to be a suitable projection of into the space of piecewise constant functions. To see that the average of (z ? hz) is zero on the curved edge one uses (13) with w 1 together with the fact that the average is zero on the straight edges.
Henceforth, C will denote a generic constant which may depend on the di erential problem, k, C3, and C4, but is not dependent on the parameter h. In the remaining sections, r will be a xed integer satisfying 1 r k + 1.
for a family of discrete-in-time schemes was also demonstrated in 4]. For Dirichlet boundary conditions, continuous-in-time and implicit-in-time results for displacement, velocity and stress can also be deduced directly from the work of Makridakis 9] for elastodynamics. The results contained herein for 0 di er from those recovered from 9] in two signi cant ways. First, the estimates for the approximation of displacement require less regularity of the solution. Second, the initial conditions are implemented as the L 2 projections of u0 and u1 instead of the computationally more expensive elliptic projections.
The paper consists of six additional sections. The next two sections are devoted to preliminaries. In Section 2, the notation used throughout this paper is de ned, and in Section 3 some properties of the Raviart-Thomas mixed nite element spaces are recalled. A weak form of (1){(4) suitable for approximation by mixed nite elements is formulated in Section 4. A continuous-in-time mixed nite element approximation is also presented and a priori error estimates are derived. Explicit-in-time and implicit-in-time mixed nite element approximations to (1){(4) are formulated and analyzed in Section 5 and Section 6, respectively. Finally, in Section 7, estimates for approximation with BDM or BDFM mixed nite element spaces instead of the Raviart-Thomas spaces are discussed.
